Recently, "fracton topological order" has been intensively studied as an exotic class of topological phases of matter. The most salient feature is that topological excitations can only be moved within certain subspace on the three-dimensional (3D) lattice. In the present paper, we construct exactly solvable lattice models in all spatial dimensions higher than 3D. Such models, which are uniquely denoted by four integers, can be regarded as stabilizer codes defined on a hypercubic network. The well-known X-cube model in 3D is labeled by [0, 1, 2, 3] as a special case of the model family. We also introduce a useful notation-a pair of integers (n, m)-to label simple excitations, which are simple geometric objects, e.g., point-like, closed string-like, etc.. Here, n = 0 for particles, n = 1 for strings, · · · ; m denotes the dimension of the submanifold where excitations can move. Therefore, fractons are labeled by (0, 0). In addition to simple excitations, as a salient feature of higher-dimensional fracton topological order, we also find a class of excitations-complex excitations-that are geometrically complicated and cannot be simply regarded as bound states of simple excitations. For example, the energy gap of complex excitations is usually not a naive sum of point, string, membrane etc. We compute several concrete examples, especially [1, 2, 3, 4] , [0, 1, 2, 4] and [1, 2, 3, 5] . Especially, the model [1, 2, 3, 4] supports exotic complex excitations that we dub "chairons" due to its chair shape, which exhibits nontrivial fusion rules. We also construct a family tree in which mother model and child model share similar gene of excitation spectrum. Several implications including condensed matter physics and gravity are discussed in brief.
Topologically trivial excitations are created directly by local operators, e.g. electron operator c † i at lattice site i. In contrast, topological excitations can only be created through spatially non-local operators. For example, the excitation "e" in toric code model-a stabilizer code realization of Z 2 topological order [1] in two dimensions (2D)-is created at each endpoint of a chain of Pauli matrices. Furthermore, by consecutively applying nonlocal operators, topological excitations can be spatially moved toward any directions.
Nevertheless, this seemingly obvious property-free mobility of excitations in topologically ordered phasesdisappears in a class of exotic phases of matter where the concept "fracton" is introduced. [2, 3] Specifically, "fractons" are topological excitations that cannot move at all. If one tries to move a fracton by applying non-local operators, additional fractons have to be created nearby simultaneously, which is energetically unfavorable. Furthermore, ground state degeneracy (GSD) of some fracton models is exponentially increased with respect to linear lattice size, while different ground states still cannot be distinguished by any local measurement. Such an "unconventional" type of topological order, dubbed "fracton topological order " 1 has attracted a lot of attentions re-cently and is connected to vastly different research areas, including glassy dynamics, foliation structure, elasticity, stabilizer codes, duality, gravity, quantum spin liquid, and higher-rank gauge theory, e.g., Refs. .
In particular, exactly solvable lattice models of fracton topological order in the literature (e.g., [2, 3, 6-17, 22, 32] ) have been constructed as stabilizer codes on 3D lattice and divided into type-I and type-II. In type-I series, e.g, the X-cube model [3] , there are not only fracton excitations but also "subdimensional particles" whose mobility is restricted inside a submanifold (e.g., line and plane) of 3D lattice. In type-II series, e.g., the Haah's code [8] , all topological excitations are fractons.
While all topological excitations in exactly solvable fracton lattice models mentioned above are particle-like, it is quite natural to explore topological phases that support extended objects (e.g., string excitations, membrane excitations) whose mobility is restricted. For extended objects that can move freely, a lot of progress has already been made in 3D topological order [33, 34] for the past decades. Quantum mechanically, the shape of an extended objects is exactly the spatial distribution of excitation energy. Such kinds of topological excitations in three and higher dimensional space are associated with exotic entanglement properties, symmetry enrichment, topological braiding statistics and topological quantum field theory, which were discussed in, e.g., Refs. . By further enforcing mobility restriction on these excitations, one may expect that the resulting fracton topological order exhibit exotic quantum phenomena. Recently, there have been some interesting discussions on string excitations (called "fractonic lines" in the literature) with restricted mobility from the aspect of higher-rank gauge theory and localization [56, 57] .
Motivated in part by this line of thinking, we attempt to search more possibilities of exactly solvable lattice models, especially that can support extended objects with restricted mobility. Surprisingly, in the present work, we realize that extended objects can be divided into two distinct classes: simple excitations and complex excitations. Simple excitations have simple geometric shape, e.g., point-like, string-like, membrane-like, etc.. All these excitations, if the restriction on mobility is withdrawn, can be constructed in the conventional topological order. Mathematically, all these geometric structures can be locally viewed as a n-dimensional Euclidean space patch [58] , where n = 0 for particles, n = 1 for strings, · · · . In order to specify simple excitations, we introduce a pair of integers (n, m). Here, m denotes the dimension of the subspace where mobility of excitations is allowed. Therefore, fractons, which were aforementioned above, are simply labeled by (0, 0) in the present paper. Likewise, a string excitation with mobility restricted in a plane is a (1, 2)-type excitation. Obviously, if m = D, then such cal order" to distinguish it from fracton topological order where topological excitations have restricted mobility. excitations can move freely in the whole D-dimensional space.
Nevertheless, complex excitations can have very intricate geometric structures. The number n is no longer a good quantity for such excitations. Furthermore a complex excitation is not a naive sum of simple excitations. We will see that the energy summation of the latter is not equal to the excitation energy of the former, which in fact implies nontrivial fusion rules. For example, if two strings share a segment of finite length, two strings will fuse into a complex excitation ("chairon" whose shape looks like a chair without legs) in some models we constructed for spatial dimension D ≥ 4.
In the present paper, we construct exactly solvable lattice models on hypercubic lattice with spatial dimension D ≥ 3 and study both simple and complex excitations. Each lattice model can be regarded as a stabilizer code defined on a complex network. Since there are some additional tunable degrees of freedom within the same spatial dimension D, we find that at least four dimension indices (note: D is included) are necessary to define a model. In the following part of this article, we will use a tuple [d n , d s , d l , D] with a series of constraints required by exact solvability. The technical definition of each integer will be given in the main text. Each model "[d n , d s , d l , D]" is a stabilizer code and thus exactly solvable. For D = 3, [0, 1, 2, 3] is the only model that is exact solvable. In fact, this model is nothing but the standard X-cube model. In addition, topological excitations of generalized models are studied in details, especially for the model series [D −3, D −2, D −1, D]. Several interesting rules are found and summarized as a family tree according to the relation of excitation spectrum between parent models and descendent models. The model [0, 1, 2, 4] has similar simple excitation contents as 3D Xcube model. But the model [1, 2, 3, 4] have a very fruitful excitation spectrum with both simple and complex excitations, which will be studied in details. Some other models, such as [1, 2, 3, 5] will also be studied as an example of the family tree.
This article is organized as follows. In Sec. II we review the X-cube model in brief and introduce some geometric notations that are useful for discussions in hypercubic lattice. In Sec. III we discuss [D − 3, D − 2, D − 1, D] models, where D is also the dimension of the system, and stress their similarity with X-cube model that is labeled by [0, 1, 2, 3]. The construction of general (i, i + 1)type excitations is presented in Sec. III C, while the 4dimensional case, the model [1, 2, 3, 4] is given as an example in Sec. III B. In Sec. IV we present a general procedure to produce a whole class of exactly solvable lattice models for fracton topological order in all dimensions D ≥ 3. Conclusions are made in Sec. V. 
II. X-CUBE MODEL AND GEOMETRIC NOTATIONS

A. X-cube model: A brief review
At the beginning, it's beneficial to give a brief review of the original X-cube model. As the name suggests, Xcube model is defined on a cubic lattice, with 1/2-spins sitting on links. The Hamiltonian is of the form [4] :
Here, term A c of a given cube c consists of the product of the x components (i.e., σ x ) of the twelve spins around the cube c; B i v means the product of σ z 's that are (i) inside the 2D plane that is perpendicular to the direction i and (ii) nearest to the vertex v. The summation of c and v are respectively over all cubes and vertices, while the summation of i is over the three spatial dimensions. In our 4-tuple notation to be introduced shortly, the standard X-cube model in Eq. (1) is labeled by [0, 1, 2, 3]. The model is shown pictorially in Fig. 1 .
With the σ z basis, we can regard the links with σ z = −1 as being "occupied" by strings and the links with σ z = 1 spins as being "unoccupied". In this manner, the total Hilbert space can be alternatively represented by all kinds of different string configurations including both open and closed strings. After that, by solving the equations A c = 1, ∀ c and B i v = 1, ∀ v, with the open boundary condition, we can directly derive the ground state as |s i : |Φ = c 1+Ac √ 2 | ↑↑↑ . . . ↑ , where | ↑↑↑ . . . ↑ refers to the state with zero string. In the remainder of this article, | ↑↑↑ . . . ↑ will be used as a reference state frequently. The ground state of Eq. (1) is dubbed as "cage-net" condensation [22] .
For convenience, we classify simple excitations into fundamental excitations and bound states (a.k.a. composites). The former cannot be further divided while the latter can be regarded as proper composites of the former.
For example, the excitation in Toric Code model can be regarded as a bound state of the fundamental excitations e and m. In the X-cube model, there are also two classes of fundamental excitations-lineons and fractons, which are respectively originated from the eigenvalue flip of B i v and A c terms.
First, the B i v = −1 excitations, dubbed "lineons", are generated by string operator W (S 1 ) = γ1∈S 1 σ x γ1 composed of σ x γ1 along the open string S 1 which must be absolutely straight. The point-like excitations at the endpoints of the strings are restricted in the line where the string sits, so the name "lineons". In our notation, the end-of-string excitations are (0, 1)-type excitations. For example, if the string S 1 is alongx-axis, the eigenvalues of both B y v and B z v at each endpoint of S 1 will be flipped, rendering 2K energy cost.
In addition to lineons, the A c = −1 excitations correspond to fractons (i.e. (0, 0)-type excitations) associated to the cube c. More precisely, fractons are created by operators of the form W (D 2 ) = γ1∈D 2 σ z γ1 , where D 2 is an absolutely flat 2-dimensional membrane in the dual lattice. The cubes c's are located at the corners of D 2 , each of which requires J energy cost. For example, if D 2 is simply a rectangular, there are four fractons emerged at the four corners. One can show that fractons are totally immobile. More concretely, moving a single fracton by applying spin operators will create additional new fractons nearby, which is energetically unfavorable.
Despite that fractons are immobile, the bound states of two nearby fractons generated by one membrane can move freely in the 2D plane perpendicular to the link between the two combined fractons. Thus these bound states, dubbed "planeons", are identified as (0, 2)-type excitations in our notation.
B. Geometric notations in D-dimensional
hypercubic lattice
n-cube
In this paper, we're interested in the high dimensional models, so it's highly desirable to define and unify a group of notations for describing high dimensional objects. First, we introduce "n-cube". It is n-dimensional analog of a cube, and we use the symbol γ n to denote an n-cube. Some simple examples are shown in Fig. 2 . In other words, 0-cube, 1-cube and 2-cube are respectively a lattice site, a link and a plaquette. Without loss of generality, we can set the hypercubic lattice with periodic boundary condition to be D-dimensional with lattice constant a = 1. Therefore, we can refer to every n-cube in the lattice by a unique Cartisian coordinate, which is the coordinate of the geometric center of γ n . Obviously, the coordinate representation of γ n is composed by n halfintegers and (D − n) integers. For example, the usual vertex v in Eq. (1) is 0-cube. In the remainder of this paper, we may simply use the coordinate of an n-cube to refer to the n-cube itself, since this is a one-to-one correspondence. Because some sets of special directions of a d n -cube γ dn will be used frequently, it's useful to define 2 such sets. For a specific γ dn = (x 1 , x 2 , . . . , x D ) in Ddimensional lattice, the set C i γ dn is composed by (D − d n ) directions along which the γ dn has integer coordinates. Likewise, the set C h γ dn is composed by d n directions along which the γ dn has half-integer coordinates.
Leaf space
In addition to the notion of n-cube, we also introduce a useful subspace, namely, d l -dimensional leaf space associated with a given cube γ dn . By "associated", we mean that the cube γ dn must be fully embedded in the leaf space l, and d l > d n is assumed. Symbolically, we use l = x i1 ,x i2 , · · · ,x i d l to uniquely denote such a subspace. Among these d l orthogonal directions, d n ones come from the set C h γ dn . Then, the remaining (d l − d n ) ones are arbitrarily selected from the set C i γ dn . Therefore,
It must be noted that, an arbitrary lattice site inside the leaf space l has a coordinate with D components. Among them, d l components are free variables with orthogonal directionsx i1 ,x i2 , · · · ,x i d l , which spans a d ldimensional subspace. The remaining (D − d l ) coordinate components are fixed and simply equivalent to corresponding coordinate components of γ dn . Therefore, a leaf associated with a given γ n can be uniquely labeled by l as long as γ dn is specified. We may define a set of orthogonal directions L = {x i1 ,x i2 , · · · ,x i d l }, which will be used later.
Let us apply the above notation to the X-cube model. The X-cube model has foliation structure [18] [19] [20] [21] [22] , where the leaf space dimension d l = 2, and the model dimension D = 3. The direction index i in Eq. (1) can be also seen as an index for a leaf space l. For example, when i = x and the vertex is (0, 0, 0) (i.e., a 0-cube), B x (0,0,0) corresponds to the nearest four σ z 's inside the ŷ,ẑ leaf (i.e.,ŷ −ẑ plane with x = 0). In this manner, the Hamiltonian in Eq. (1) can be alternatively expressed as:
There are in total 3−0 2−0 = 3 2 = 3 different leaf spaces: ŷ,ẑ , x,ẑ , x,ŷ planes all of which pass through the vertex (0, 0, 0).
Besides, as higher dimensional leaf spaces shall be used in the following section, here it's also beneficial to give some examples of leaves in high dimensional models:
] model (to be studied in Sec. III B), the total space dimension D = 4 and the leaf space dimension d l = 3. For a 1-cube γ 1 = (0, 0, 0, 1 2 ), there are 4−1
] model (to be studied in Sec. IV C), the total space dimension D = 4 and the leaf space dimension d l = 2. For a 0-cube γ 0 = (0, 0, 0, 0), there are 4−0 2−0 = 6 leaves associated with it, which are respectively Besides, as "nearest" may be a little confusing in high dimensional lattices, here we define an m-cube and an n-cube being "nearest" as the L 1 distance L 1 (γ m , γ n ) = |m−n| 2 when m = n. For m = n, we specially define two n-cubes being nearest as L 1 (γ n1 , γ n2 ) = 1.
Straight string, flat membrane, and their generalization
Moreover, in order to specify a region in hypercubic lattice, we also need a group of notations to denote "flat" objects composed by n-cubes, like higher dimensional analogs of straight strings and flat membranes. Here, we define a j-dimensional analog of a straight string (in the original lattice) S j as a stack of nearest j-cubes where all the j-cubes share the same values for coordinates along orthogonal directions collected in the set C i γj . The simplest examples are straight lines S 1 and flat membranes S 2 as shown in Fig. 2 . All 1-cubes (i.e., links) in S 1 share same integer-valued coordinates along bothx 2 and x 3 , and all 2-cubes (i.e., plaquettes) in S 2 share same integer-valued coordinates alongx 3 (here the total space dimension D = 3 is assumed).
In a similar manner, we may define flat geometric objects in the dual lattice of the original lattice. More concretely, a k-dimensional analog of a flat membrane in the dual lattice D k can be defined as a stack of nearest (D − k)-cubes in the original lattice, where all the (D−k)-cubes share the same values for coordinates along orthogonal directions collected in the set C h γ D−k . Alternatively speaking, D k is just an S k if the dual lattice and original lattice are switched. Specially, sometimes we may also use D k p to refer to a a stack of nearest pcubes in the original lattice, where all the p-cubes share the same values for coordinates along orthogonal directions collected in the set C h γp ∪ C si γp . Here C si γp ⊆ C i γp and |C si γp | = D − k − p. Different from the previously defined objects, a D k p can't be totally determined by γ p , k and p, so additional information is needed to specify a D k p . For example, in X-cube model, associated with a given γ 1 = ( 1 2 , 0, 0), there are two possible directions of D 1 1 , such as ( 1 2 , i, 0)|i = 0, 1, 2, . . . and ( 1 2 , 0, j)|j = 0, 1, 2, . . .. When we need to specify a D k p in the remainder of this paper, additional information will always be given in the context.
For boundaries, the boundary ∂S 1 is simply given by the two endpoints of S 1 ; the boundary ∂S 2 is a closed string; A D 2 in 3D space is a connected set of parallel links (i.e., 1-cubes). For example, the creation operator of fractons in the X-cube model is defined on D 2 in 3D. It's a bit difficult to define the boundary of a D k , but the vertices of D k can be naturally obtained by regarding D k as a k-dimensional polytope.
We have reviewed in Sec. II A that lineons labeled by (0, 1) can move along straight lines, eitherx,ŷ, orẑ directions. For the purpose of generalization towards higher dimensional space, firstly, we need to understand why lineons are restricted in 1-manifolds. Indeed, there is an interesting correspondence between the dimension of the mobile subspace and n-cubes (e.g., links in X-cube model) where spins are located. We expect to be able to put spins on higher dimensional objects and make them move along higher dimensional counterparts of straight strings.
In the following, we first consider models on a Ddimensional hypercubic lattice where spins are located on (D − 2)-cubes instead of links, while keeping the basic form of X-cube Hamiltonian unaltered. By the 4-tuple notation, this consideration is called [D − 3, D − 2, D − 1, D] models. The Hamiltonian of general form is given by:
A γ D is the product of σ x nearest to hypercube γ D . In this series of models, a B operator is associated with a d ncube and a leaf space l with d n = D − 3 and d l = D − 1.
More concretly, B l γ D−3 is the product of all σ z 's which are not only nearest to γ D−3 but also located inside the leaf l. The number of leaf spaces associated with each γ dn is always 3 regardless of D. For example, if D = 4, we have
and B x1,x2,x4 (0,0,0, 1
for a specific 4-cube γ 4 = ( 1 2 , 1 2 , 1 2 , 1 2 ) and a specific 1cube γ 1 = (0, 0, 0, 1 2 ) respectively. Although the model looks strange at first sight, it is just a natural generalization of the 3D X-cube model given by Eq. (1) and its equivalent form Eq. (2). As we can see that once we choose D = 3, the model reduces to Eq. (2) labeled by [0,1,2,3]. In other words, the X-cube model is the simplest case in the series [D − 3, D − 2, D − 1, D]. Furthermore, an A γ D always overlaps with a nearest B operator by even number of spins. An A γ D always covers one of each pair of spins linked by a nearest γ D−3 , and a B operator is composed of 2 such pairs. Therefore, our generalized models are still exactly solvable. Fig. 3 gives a graph demonstration. A schematic comparison between the lattice of X-cube (a.k.a. [0, 1, 2, 3] model) and [1, 2, 3, 4] model is presented in Fig. 4 .
The ground state configuration must satisfy the following conditions:
Topological excitations appear in the region where one or proper combination of these conditions is violated. Similar to the original X-cube model, in the σ z basis, we can regard the ground states as condensations of "D-cage nets", where "D-cage" is the Ddimensional analog of the "cage" proposed in Ref. [22] . When the boundary of the system is open, we can obtain B. Excitations in the model [1, 2, 3, 4] Next, we move on to the excitation spectrum of the model Hamiltonian given by Eq. (3) . Let us first consider D = 4. Analogous to the original X-cube model, the fundamental excitations in [1, 2, 3, 4] model can be classified into two classes: (0, 0)-type excitations and (1, 2)type excitations. The former are excited by operators W (D 2 ) = γ2∈D 2 σ z γ2 , resulting in eigenvalue flip (i.e., 1 −→ −1) of A γ4 for some γ 4 's. The latter are excited by W (S 2 ) = γ2∈S 2 σ x γ2 , resulting in eigenvalue flip (i.e., 1 −→ −1) of B l γ1 for some γ 1 's. 2 We shall prove in the fol- 2 For the sake of convenience, we will use the expressions A = lowing part of this subsection, the (0, 0)-type fundamental excitations, i.e., fractons are located at the vertices of D 2 , and (1, 2)-type excitations are just the boundary of S 2 . All excitations are collected in Table I . We present detailed explanations bellow. 
Firstly, we'd like to consider the (0, 0)-type excitations, i.e., fractons. When we act W (D 2 ) = γ2∈D 2 σ z γ2 on the ground state, the minimal polytope P that contains all the spins (σ x 's) acted on by W (D 2 ) is 4-dimensional.
definition of the notations D 2 and S 2 can be found in Sec. II B. Obviously, all 4-cube operators A γ4 inside P will contain even number of σ x 's that are acted on by W (D 2 ), which keeps eigenvalues of all such operators A γ4 unaltered, i.e., A γ4 = 1 for γ 4 ∈ P . Nevertheless, for all γ 4 's that sit on the corners (i.e., vertices of D 2 ) have only one spin per γ 4 that is acted on by W (D 2 ), which flips the eigenvalue of each A γ4 , i.e., A γ4 = −1 for such γ 4 's. For example, we can apply W (D 2 ) = γ1∈D 2 σ z γ1 on the ground state, where, according to the definition in Sec. II B, D 2 = {(i, j, 1 2 , 1 2 )|i, j = 0, 1, · · · , L}. Geometrically, D 2 forms a square of L × L, L ∈ Z. For any hypercube (m + 1 2 , n + 1 2 , 1 2 , 1 2 ), where m, n = 0, 1, 2, . . . , L − 1, there are always four spins located at respectively (m, n, 1 2 , 1 2 ), (m + 1, n, 1 2 , 1 2 ),(m, n + 1, 1 2 , 1 2 ) and (m + 1, n + 1, 1 2 , 1 2 ) that are acted on by W (D 2 ). Therefore, the associated operators A γ4 have their eigenvalues unchanged, i.e., A γ4 = 1. Only for the 4-cubes at the corners, like γ 4 = (− 1 2 , − 1 2 , 1 2 , 1 2 ), there is just one spin per γ 4 which are located at (0, 0, 1 2 , 1 2 ) and acted on by W (D 2 ), thus A γ4 = −1. As a result, it's straightforward to conclude that these excitations are of (0, 0)-type, as any movement of such an excitation will create more corners associated with additional excitations and energy cost. See Fig. 5(a) for a schematic demonstration.
(0, 3)-type excitations ("volumeons")
In the model [1, 2, 3, 4] , a bound state of two fractons at two neighbouring corners of a membrane in the dual lattice are not a (0, 2)-type excitation anymore. Instead, these bound states become (0, 3)-type excitations that may be dubbed "volumeons" if an observer lives in a 4D world. For instance, we can consider acting the open string operator W (D 1 2 ) = γ2∈D 1 2 σ z γ2 on the ground state, where D 1 2 = {(0, i, 1 2 , 1 2 )|i = 1, 2, 3, . . . L − 1, L}. 3 Sequently, in the neighborhood of an endpoint, e.g., (0, 0, 1 2 , 1 2 ), there are two 4-cube operators A γ4 with γ 4 = (− 1 2 , − 1 2 , 1 2 , 1 2 ) and γ 4 = ( 1 2 , − 1 2 , 1 2 , 1 2 ) whose eigenvalues are flipped. These two 4-cubes form a bound state of fractons, whose energy is 2J. Define a vector r connecting the two 4-cubes: 0, 0, 0) . Then, the 2-fracton bound state can be regarded as a dipole whose moment point in the direction r, i.e.,x 1 .
For the issue of mobility, let us attempt to act σ z (0,− 1 2 ,0, 1 2 ) to move the bound state out of the line where the string is located at.
As we can see, since σ z
2 ) moves the bound state alonĝ x 4 direction. Since (0, − 1 2 , 0, 1 2 ) and (0, − 1 2 , 1 2 , 0) are symmetric about the string, the bound state can also be moved along thex 3 direction. As a result, the mobility of the bound state is restricted in the 3-dimensional leaf space x 2 ,x 3 ,x 4 with x 1 = 0. In general, as in X-cube model, a bound state is simply mobile in the subspace perpendicular to the "dipole moment".
Extended objects: (1, 2)-type excitations of 6 flavors
Next we consider excitations associated with flipped eigenvalues of B l γ1 . For each γ 1 , there are three leaves labeled by l. We find that there are 6 flavors of (1,2)type excitations-string excitations that are created and move within a certain plane only, i.e.,x 1 -x 2 ,x 1 -x 3 ,x 1x 4 ,x 2 -x 3 ,x 2 -x 4 , andx 3 -x 4 . An example is given in Fig. 6 . We use the symbol "(1, 2)x i,xj " with two integers 1 ≤ i < j ≤ 4 in order to specify flavors.
More concretely, let us apply an open membrane operator W (S 2 ) = γ2∈S 2 σ x γ2 on the ground state. For γ 1 ∈ S 2 , i.e., γ 1 's at the interior of S 2 , by noting that there always exists exactly one pair of spins linked by each γ 1 being acted on by W (S 2 ), the associated operators B l γ1 will keep their eigenvalues (i.e., B = 1) unaltered after W (S 2 ) is applied. Only for γ 1 ∈ ∂S 2 , i.e., γ 1 forms the boundary of S 2 , the eigenvalues of the associated operators B l γ1 will be flipped, i.e., B = −1, as shown in Fig. 5(b) . That is to say, these B l γ1 operators with flipped eigenvalues constitute string excitations, of which the energy cost (i.e., excitation energy) is proportional to the length of the string.
Analogous to X-cube model, W (S 2 ) here can be classified into 6 "flavors" according to 6 different planes (i.e.,
where S 2 is located, and W (S 2 ) of different flavours will flip different combinations of B l γ1 's. In general, after applying W (S 2 ) with S 2 being inside thex i -x j plane, there will be exactly two flipped B l γ1 terms at each γ 1 along ∂S 2 , i.e., B will be flipped. As a result, we find that the energy cost of this string excitation labeled by (1, 2)x 1,x2 in [1, 2, 3, 4] model is 2KL, where L is the length of the string. Before moving forward, let us summarize the "stabilizers" whose eigenvalues are flipped for each flavor of (1, 2)-type excitations (γ 1 ∈ ∂S 2 ): For the issue of mobility, the string excitation has a novel property here: it is restricted in the 2D plane where S 2 lies. Without loss of generality, as shown in Fig. 6 , let us try to move the string excitation out of the plane where S 2 lies, by folding S 2 inx 1 −x 2 plane into S 2 I inx 1 −x 3 plane and S 2 II inx 1 −x 2 plane. The crease can also be regarded as a complex excitation, dubbed "chairons" due to its chair shape. The total energy of (b) is not equal to a naive sum of two strings (1, 2)x 1 ,x 2 and (1, 2)x 1 ,x 3 , since the yellow line has energy density 2K not 4K.
line denoted by C 1 is alongx 1 direction. Nevertheless, this process will cost additional energy localized along C 1 . Therefore, moving out of the original plane is forbidden. More concretely, since a crease line is equivalent to the convergence of the boundaries of two flat membranes, we can consider a crease line (denoted by C 1 ) created by operator
For a γ 1 ∈ C 1 , it can be found that there are also two B l γ1 terms whose eigenvalues are flipped, which leads to additional energy cost proportional to the length of C 1 . But can the string excitation move freely within the plane where string is located? It is easy to see that by applying W (S 2 ) one can change the geometric shape of the string within the same plane. Moreover, no additional energy cost is required as long as the total length L is unchanged. In this sense, the string excitation can freely move within a 2D subspace, so that such string excitations in our notation are labeled by (1, 2) .
For instance, let us apply W (S 2 I ) = γ2∈S 2 I σ x γ2 on the ground state, where S 2 I = {(n + 1 2 , m + 1 2 , 0, 0)|m, n = 0, 1, 2, . . . , L − 1}. For an arbitrary 1-cube, say ( 3 2 , 1, 0, 0) inside S 2 I , we can easily check that W (S 2 I ) acts on two nearest spins at ( 3 2 , 1 2 , 0, 0) and ( 3 2 , 3 2 , 0, 0), so there will be no excited B l ( 3 2 ,1,0,0) . While for γ 1 = ( 1 2 , 0, 0, 0) on the boundary of S 2 I , since W (S 2 I ) only acts on one nearest spin (at ( 1 2 , 1 2 , 0, 0)), so two B l ( 1 2 ,0,0,0) terms will be excited. Immediately after applying W (S 2 I ) on the ground state, we apply W (S 2 II ) = 
Complex excitations ("chairons") and exotic fusion rules
In the above discussions, we have analyzed the four types of simple excitations in the model [1, 2, 3, 4] : fractons (0, 0), volumeons (0, 3), and strings (1, 2) . All these excitations belong to the category of "simple excitations" as they are just simple geometric objects like points and strings. In addition, in the model [1, 2, 3, 4] , there exist complex excitations whose geometric structure is quite fruitful, which are absent in the X-cube model in 3D.
As a matter of fact, one example of complex excitations has already been given by Fig. 6(b) . Geometrically, the complex excitation is formed by the red line and the yellow line as a whole. Excitation energy of the complex excitation is uniformly distributed along these lines due to the eigenvalue flip of B l γ1 operators. More precisely, if 1-cube γ 1 is along the red line withinx 1 - = −1. Since only two operators per γ 1 along the yellow line are excited, one may conclude that energy density along the yellow line is 2K not 4K. If the latter was the case, then this "complex excitation" would be a trivial sum of two simple excitations of (1, 2)-type. In this sense, it is legitimate to define a complex excitation rather than a simple bound state of two string excitations. We may also conclude that there exist highly intricate fusion rules among excitations of the model [1, 2, 3, 4] , which may unveil fascinating interplay of geometry and topology in higher dimensional space.
It should be noted that, in the X-cube model, there is energy cost at the turning point of a σ x -string with the shape of a "right angle" in x-y plane. This turning point with localized energy is nothing but a lineon that is mobile along z-direction. One can apply a straight σ x -string along z-direction such that the localized energy at the turning point can be moved freely along zdirection without additional energy cost. Nevertheless, in the model [1, 2, 3, 4] , the yellow line cannot be freely moved away by any operators unless additional energy cost is allowed. In other words, the open yellow line alone cannot be regarded as an excitation of the model. It must be combined with the red lines together to form a complex excitation.
C. General D and gravity
In lattice of arbitrary dimension higher than 3, as our argument doesn't rely on specific dimensions, we would expect our results still persist. That is to say, a [D − Table. I.
Moreover, in higher dimensional case, there are similar situations that when we act
terms along C D−3 are excited for certain l's. Such a phenomenon naturally reminds us of gravity, considering that there are already some works concerning about this problem. [27] [28] Especially, in the 6-dimensional model [3, 4, 5, 6] , when the scale considered is much larger than the lattice constant, we would see condensations of flat closed 4-manifolds in the ground state. When we gradually heat up the system, energy density will rise where the 4-manifolds curve. Nevertheless, despite the direct correspondence between curvature and energy density, the curvature which matters here is extrinsic curvature, while in general relativity the correspondence is between intrinsic curvature and stress-energy tensor. As a result, the relation between our lattice models and gravity is still vague.
IV. MODEL FAMILY
A. Construction of the family
As our previous sections demonstrated, we can promote (0, 1)-type excitations to (i, i + 1)-type excitations by lifting the dimensions of all the n-cubes where spins and other operators are located at by i. Naturally, one may be curious about, if it's possible to define spins and operators on different kinds of n-cubes, without any redundant constraints? To deal with this problem, we come up with a further generalization procedure. In this procedure, the dimension of the objects on which the operators and spins are defined, can be adjusted independently. Since we are focusing on fracton models, other than the dimensions of spins, lower-dimensional cube operators, higher-dimensional cube operators and the total space, we also need the dimension of leaf spaces to specify such a model. For instance, for the X-cube model, we have spin dimension d s = 1, lower-dimensional cube operator dimension d n = 0, higher-dimensional cube operator dimension d c = 3, space dimension D = 3 and leaf dimension d l = 2. Generally, it seems that we need five dimension indexes [d n , d s , d l , d c , D] to specify a member in the model "family". Given such a 5-tuple [d n , d s , d l , d c , D], the Hamiltonian of the corresponding member model is:
where the definition of the terms is given below:
• B l γ dn term is the product of z-components of the 2 ds−dn d l −dn ds−dn spins whose coordinates are obtained by shifting (d s −d n ) coordinates of γ dn along the directions in C l γ dn by ± 1 2 . Here C l γ dn ≡ L∩C i γ dn .
• An A γ dc term is the product of x-components of the 2 dc−ds dc dc−ds spins whose coordinates are obtained by shifting (d c − d s ) coordinates of γ dc along the directions in C h γ dc by ± 1 2 .
Take [1, 2, 3, 4] model as an example. For a given γ 1 = (0, 0, 0, 1 2 ), we can see that C i (0,0,0, 1
For the 3 leaf spaces x 1 ,x 2 ,x 4 , x 1 ,x 3 ,x 4 and x 2 ,x 3 ,x 4 associated with (0, 0, 0, 1 2 ), we have C x1,x2,x4 (0,0,0, 1 2 ) 2 ) can be simply obtained as in Eq. (4).
In the following part of this section, we will use S c to refer to the set of the nearest spins of the d c -cube c, S n to refer to the set of the nearest spins of the d n -cube n, and S l n to refer to the set of the nearest spins of the d ncube n inside the d l -dimensional leaf space l. (Here l is associated with n.) Apparently, then we have ∪ l S l n = S n . Though we are trying to make the choice of different dimension indexes independent to each other, we still need to respect some orders of the dimensions. Firstly, we find that d n and d c can't be equal to d s , otherwise the cube operators would be trivialized. Besides, according to the dimension order of X-cube model, we expect d n to be smaller than d s while d c should be larger than d s . Furthermore, d l > d s , d l < D and d c ≤ D are obviously required. However, it should be noted that it seems that the condition that d s is between d c and d n is not really necessary in defining an exactly solvable fracton order model. For simplicity, we will focus on cases where the condition is satisfied in this article.
Since we expect our models to be exactly solvable, we require every higher dimensional cube operator shares even or zero number of nearest spins with any lower dimensional cube operator. Since lower dimensional cube operators are embedded in different leaf spaces, this condition means that S l n ∩ S c mod 2 = 0 ∀l, n, c.
Acccording to the symmetry of the cubic lattice, we can calculate S l n ∩ S c for any pair of nearest γ dn and γ dc in the lattice.
Therefore, we only need to consider the number of spins shared by ). Apparently, for a spin s 1 which is nearest to c 1 and n 1 simultaneously, the first d n coordinates of s 1 must be 1 2 and the last (D − d c ) coordinates must be 0, only the values of the (d c − d n ) coordinates in the middle are variable.
To calculate S l n ∩ S c , we only need to care about the uncertain middle part of the coordinates of s 1 , which is composed of (d c − d n ) numbers. Each subsequence consists of these (d c − d n ) numbers with (d s − d n ) digits being 1 2 and the others being 0 corresponds to a spin which is simultaneously nearest to c 1 and n 1 . As a result, a shared spin will take the form s 1 = ( . For leaf l associated with n 1 , which contains α directions with uncertain coordinates, we have S l n1 ∩ S c1 = α ds−dn . However, as we expect the parity of S l n1 ∩ S c1 to be independent of the leaf, α should be insensitive to the choice of leaf space, which means all leaves must have the same number of uncertain digits (here we ignore the case where the change of α doesn't influence the parity of S l n1 ∩ S c1 for simplicity). Therefore, the last part of sequence s 1 = ( 
Since then, we only need a 4-tuple [d n , d s , d l , d c ] (or [d n , d s , d l , D]) to specify an exactly solvable member model.
B. Family tree
Based on our 4-tuple notation of models, we find that X-cube model can be labeled by [0, 1, 2, 3]. With such a notation manner, we can easily obtain that X-cube is the simplest model in this series. As a result, we can use it as the starting point for a "family tree" of the generalized models, which is depicted in Fig. 7 . As an example of the novel properties of the models on the tree, we will demonstrate that there is a new kind of complex excitations in [d − 4, d − 3, d − 2, d]-type of models in the next subsection. Here we would like to give a preliminary description of the ground states and energy spectrum of the models on the tree.
Because the Hamiltonian of a general model is similar to [D−3, D−2, D−1, D] model, which is given in Eq. (1), the ground states of a general model will obey a set of conditions of the following form:
As always, with the σ z -basis, we can see that every configuration is an eigenvector of an arbitrary B operator, and the total Hilbert space can be spanned by all the configurations. Furthermore, the B conditions in Eq. (10) require the eigenvalue of any B operator for all configurations in a ground state to be 1. That is to say, for any γ dn in a ground state configuration, either of the following conditions must be satisfied:
• No nearest spin is altered;
• For each pair of nearest spins linked by the γ dn , there is exactly one spin of the pair being altered (for models where d s − d n ≥ 2 a "pair" should be promoted to a set of 2 ds−dn spins).
Then, the A condition in Eq. (10) can be seen as requiring all the ground state configurations which can be transformed to each other by acting A operators share the same weight. Therefore, we can find that the unique For models on the family tree (see Fig. 7 ), all simple excitations can be classified into two classes: (bound states of) (d n , d s )-type excitations and (bound states of) (0, 0)-type excitations. And since the energy cost of complex excitations are always locally equivalent to (bound states of) (d n , d s )-type excitations, there is no need to talk about the spectrum of complex excitations separately. As in Sec. III B, here we can conclude the data of the fundamental excitations in further generalized models as below:
• A γ dc = −1 excitations, (0, 0)-type, generated by As for the energy cost, simply we can find that the energy cost of a fundamental (0, 0)-type excitation is always J, so the energy cost of different bound states are respectively 2J, 4J, . . . , 2 dc−ds−1 J. Most of the composites are fractons, except for the last one which are (0, d s + 1)-type excitations.
The spectrum of bound states of (d n , d s )-type excitations (i.e. segments of complex excitations) is more difficult to calculate, as these bound states can behave exotically (see Sec. IV C for a concrete example). Generally, for a specific γ dn n 1 , we can find that the number of excited B l n1 operators is determined by the number of pairs around the n 1 which contain odd number of altered spins. For simplicity, such a pair will be regarded as "excited". Therefore, we can label a bound state of (d n , d s )type excitations at n 1 as an i-bound state, where i is the number of excited pairs linked by n 1 . As an i-bound state always has the same energy as a (d c − i)-bound state, we only need to consider i ≤ dc 2 . Since there are dc−dn ds−dn pairs of spins linked by a given γ dn , and a leaf always contains d l −dn ds−dn such pairs, we can see that the energy cost of an i-bound state is just the number of different combinations of d l −dn ds−dn pairs (i.e. leaves) which contain odd number of excited pairs. For a given i we can find that there are
nations, so the energy cost of an i-bound state on a γ dn is:
For instance, we can consider the [1, 2, 3, 5] model. Since dc 2 = 5 2 ≥ 2, there is only one kind of bound states of (1, 2)-type excitations, 2-bound states. For instance, ( 1 2 , 0, 0, 0, 0) links 4 pairs of spins, ( 1 2 , ± 1 2 , 0, 0, 0), ( 1 2 , 0, ± 1 2 , 0, 0), ( 1 2 , 0, 0, ± 1 2 , 0) and ( 1 2 , 0, 0, 0, ± 1 2 ), while a leaf like x 1 , x 2 , x 3 contains two of such pairs. So we can find that of the 5−1 3−1 = 6 kinds of possible combinations of pairs, there are
nations that contain odd number of excited pairs, so there are 4 B l ( 1 2 ,0,0,0,0) terms being excited. Such a 2-boundstate can exist as a segment of a complex excitation in [1, 2, 3, 5] model, and its energy cost is proportional to its length. Table. II gives the complete spectrums of several models.
C. [1, 2, 3, 5] model In this subsection, we will take [1, 2, 3, 5] model on the family tree to exemplify the novel properties of models outside the [D − 3, D − 2, D − 1, D] series. The Hamiltonian of [1, 2, 3, 5] is:
The simple excitations in [1, 2, 3, 5] model are mostly the same as in [1, 2, 3, 4] , except the types of bound states of fractons. As fundamental fractons are located at the vertices of D 3 's now, 2-fracton-composites at the vertices of D 2 2 's become (0, 0)-type excitations, while the 4-fracton-composites at the vertices of D 1 2 's belong to (0, 3)-type.
Similar to Sec. III B, here we can classify the (1, 2)type excitations W (S 2 ) in [1, 2, 3, 5] model into 5 2 = 10 flavours, according to the plane (i.e.x 1 -x 2 ,x 1 -x 3 ,x 1x 4 ,x 1 -x 5 ,x 2 -x 3 ,x 2 -x 4 ,x 2 -x 5 ,x 3 -x 4 ,x 3 -x 5 ,x 4 -x 5 ) where S 2 is located at. Generally, when we act a W (S 2 ) on the ground state, where S 2 is located at ax i -x j plane, then at a γ 1 along the boundary of S 2 , eigenvalues of B will be flipped. As the result, we obtain that the energy cost of a string excitation in [1, 2, 3, 5] model is 3KL, where L is the length of the string. More information of the simple excitations in the family tree models are summarized in Table. II.
Again, as in [1, 2, 3, 4] model, if we further apply W (S 2 II ), where S 2 II = {(n + 1 2 , 0, m + 1 2 , 0, 0)|m, n = 0, 1, 2, . . . , L − 1}, we will have a complex excitation, which is schematicly presented in Fig. 8 . Though the shape of the excitation is the same as in [1, 2, 3, 4] model, being excited, that is to say, the 3 W (S 2 ) operators generate a complex excitation with more complicated topology than in [1, 2, 3, 4] model. [1, 2, 3, 5] . As in Fig. 5 , here the grey plaquettes refer to spins on which a W (S 2 ) is applied. The energy density at red lines is lower than the yellow line, according to our analysis in Sec. IV C.
V. CONCLUSION
In this paper, we've demonstrated that various kinds of novel excitations can be constructed in high dimensional exactly solvable models of fracton topological order, like extended excitations with restricted mobility, and complex excitations that encode complicated geometry information. Besides, a complete generation procedure is given to exhaust the further possibility. There are several future directions based on the model family constructed in this paper. For instance, it is worth to examine more examples that are outside the family tree, e.g., exotic complex excitations, fusion rules, and field theory. As we've discussed in Sec. III C, it is also interesting to explore the relation between geometry in fracton order and curved space caused by gravity.
